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Abstract: In this paper, a novel circle method is introduced which, compared to previous approaches, eliminates the need
to explicitly estimate the prime-variable triangle sum on the residual interval [1l. By employing the Fourier series to express
the summation formula, we estimate the triangle sum on the residual interval. At the same time, the concept of the
intersection set is introduced. Using this concept, we recalculate the estimated values on both the main and residual
intervals, thereby forming a new circle method. This new approach focuses on proving that the main value of the solution
count is equivalent to its value on the main interval.
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Let N be a sufficiently large even number, N,, P, M, , a, , b, be positive integer,

m,, be natural number.Assume that the following basic relationship holds
ﬁ(logzv')%
a,>3b,,b,23 ,7,=¢° ,5,=log" N , D,=2[z,7,] ,

M, I

P=Y'P N,<B<2N, (N, )%((D0 )'ZI%*%) <P, <2(N, )27((1)0 )E%*%j

=0

ey
N3:|:( N },Mo: 0 M :{ fofy }’M|<m01S2M|

log2 T log” N

(1)

For each value e [71 ! lj could write as
T

y=24z (@ =1,15q<7 s
q qt
Where
N
T_( )28
A
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Definite /,(z,) be the main interval, if , </ (,),then

y=E+z,OSa<q,(a,q)=1,1£q<Ql,‘z‘S
q 9(7071)7
Where
6 4, 4<7,T,
0 = e(Do) ’ q(TO Tl):{

ToT1, 4 2 ToT,

The remaining interval interval is

12(70)2[—%,1—%]\1](10)
For each valu « in the interval,the prime variable function can be expressed as:

S(a): i errr

=N,

Where
N
Ny=—
> log™ N

Prime variable equation p, + p, = N decompose on the ,(z,) .Formula (3)~(12) proof can be
see chapter 11 of reference 4.We have

q q+4(folﬂ) 6
DIN)=3" > S*(a)e(- Na)da =3 D,,(N)
qSQIG'I‘:l):lq q(folu) a
(2)
where
5 @D o s
() ZQ 7 )7 J T*(2)e(- Nz)d:
q(zory )7
T(Z) - v, logn
, (3)
D,(N)=23" ﬂ(q)z T(;}jG (—N)@(ZW(Z 7 )e(= Nz)dz
° qSQ‘¢2(q) Z o ’ﬁ ’ ’
Wz x)= 21(17)@“””
1 4)
2= 2% T2k |G 0 1 wteawter b
| 5)
D=3 S ()T () e,
qu% ¢ (q) ! - 1 )
]:(2)7 foe] eZm'n
N logn
(6)
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1

D, (V)= 22”(q > ( j Il(—zv){'("’j:'}r(z)i(z)e(_]vz)dz

qQ¢ 24
aold “amn)r
(7)
lb(N) 22 ; ( ))z GU((_N) _[ TZ)WZZ)Q(_NZ)Z
/\q ,I(,U,‘),
(8)
Estimation of D, (), j =2.3,6
D, (V)| <6 Lﬂww( Nm] J=26
log N ¢(N) @)
)
1 N _, N
Dy(N)| 64— ——r W +0| =5
Pu <o) [(QJ]
(10)
1
1
‘I(Tofl)r N leZ z 2
W= : n’" —| dz
gglzzd 0 n:zNz‘lm%leo logn
A’I(Tufl)f
JN
== cplogN
e logQ,
(11)

Formula proof can be see reference 4,chapter 4 theorem 2 and chapter 10 lemma 11 take 7-(g» and
c,be a constant in the lemma 11 and let ¢ = 9, ,0.97 < 9<0.99 .In this paper,mathematical symbols

inherit this literature..
It can be obtained by formula (6)

- _ ) 2 ) dEwmr o N2
D1,4<N)=z<-1)q°jzﬂ(ﬁlo;v ) > (k)%, i (7] e

ks
% qlzon)r

(12)

Lemma 1.

Let,, _

—g+£2,(a,q):1,q21,‘t9‘él » then for arbitrarily g,/ > 0,and integer N, >1,we have
q 4

Z mm[ ! j<6(ﬁ+1J(U+qlogq)

‘<an+ p£> q
Proof see chapter 5 lemma 6 of reference 3.

Lemma.2 Let ;>1,o be areal number, P be a positive integer, p | p.Then exist coprime integers « and
gP,,1< ¢ <7,makes
1

a
o———<—

qb
Proof. Without loss of generality,it can be assumed that o<« <1,conside {aPm}, m=0,1.....[7]-

You must find two integers , > m,,makes

(1aPm,}- {aPm, )=~ PAMELY |g, _p|<
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where o< (m, —m,)P=q, <P, b, =[aPm,]~[aPm, |- This is the conclusion of exiting lemma.

According to equation (2) it can be assumed that
j S (ak?"Vda and J,(N,1,(z,))=DUN)= [S*(af " da

1(z)
1
N m()ldP J‘SZ ak—ﬂlm(N—mmdP)da
0
(13)

Theorem 1( New Circle Method).
Given the parameters same as above (1)~(13).then

Jo(N)= JO(N’Il(TO))+O(\/%J

In order to prove the theorem 1,we need to proof lemma 3.

Define the following related functions

Pl(x)= Z%;;m) %4— [x]—x =Pl(x),x#0,21,22,..., Euler function

n=1

o dp-1 E(dP) “2iz| Lz |(N=-my,
F(P,"%I,N):ig jsz[ﬁJﬂ)e 2 (dP ](\ dl’)dz

d=1 u=0 _E(4P)

D, 1
F(PU(Py),my, N)=" [{Pi(Py - dPE(dP))~ Pi(dPy + dPE(dP))}s* (y)e > """ dy
d=17
(14)
and following sets
13(dP)s£+z ,x=0,..,dP-1, —E(dP)< z < E(dP)
D,

U E(dP)1-E(dP)]

Then by lemma 2,
i[s (@P)2U

Quote the following symbols
2M, M, 1
50= 2 2 H 2 N RREY
(g%

my =M, +1N;<Py<2N; m=1 1 m-13 m-l3
MV S =2 wm{w@“@}mﬁmw@%mrﬂﬁﬁllNﬁﬂ 227"

Thus
S, @ F(P,myy,N)=S,® F11((d,P),.my, . N)U(P))+S, ® F2((P,my, N))

Where

z\sL, 0<d <D,
dPD,

) m NVU(P)- [ 50Ky,

u(P)
F2(P.my,.N))

{E

- (E(aP)-DIS(j.a)) ; Dainf ) N ) E(Do=d+/)P) i t <2iaf - LItV (Dy-d+)P)
+{ s2 (7 a(d,j)+i+zje L 4 P ] dz+ 52 (7 (D b(dv]) +7+Zje [ Dy-d+]) P ] d-
o

b(d.j)

g _ 2(a A YR EICN) AT ~(E((Dy=d+))P)-DIS(j.d)) . 204 - +
S+ i )Y L(ﬁéz (a(d*’jhiﬂje el Shefman fgzmw [)[ L/ +i+2)e e "z
2 j=1 E(dP) ap P E((Dy-d+j)P) (DD —-d+ J)P P

a=Du .y j=2d-Dy |1=0 DIS(j.d)
2

?MN\Q

~E{ar) ae P (E((Dy-d+)P)-DIS(j.d)) ~d+j)P P
ald, j)Dy=d +j)-bld, j}d ==1, ald,j)<d, bld,j)<(D,~d+j),
DIS(j,d)= J

2d(D, —d + j)D,P
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(15)
Correspondingly ,there are
F2((P1(Py).my,, N))

] 2 J{HP{Py - “(“; J)_ PE(dP)) - Pl(Py _ald.j)_ P(E(dP)- DIS(;, d))j}sz ()2l g,

d

+j{m[py_ U)o o0, )ity |- - A +PE«DU—d+j)P)]}s2<y)eWwﬂdey}

(Dy—d+ ) (Dy—d+ )
+[ZZ+ Z Z }{HF{Py#’(‘;’-’LP(E(dP)DIS(j,d))) Pl(Pw (”;’)+PE(dP))} el gy

+HP1(Py+ bd.j) )—PE((D ~d+j)P )] Pl[Py+ Hd.j) ‘ —P(E((DO—d+j)P)—D[S(j,d))]} 2 (e 2N (Do ’”dy}

(Do_d"'f)

(16)

then we have
Lemma 3. Given the parameters in (1), (14),(15),(16) .Let

D, eZm’mmdPE(dP) _ e—Zm’mmdPE(dP)

S,®Cy(r,)=5®3

a0 27im,,

D(,

2 d D, d j 1
= 2|
5,0¢(x) [z I Z}dw e e e
2

=2 j=1
(d (Dy=d+j))=1

Then

Sl ®(CO(TO)7CI (TO))(JO(N)iJU(N’Il(TO)))

=8, @ F1({(d,P),.my,. N)U(P)N1,(z,))+ O N J
e e

Proof. With Euler summation formula we have
Dy Dy dp) dr| 2| vsz |(N-mgydP, '
F((P,mm,N)):ZD Z (N mydP)-Y (j J[Sz(dip-%—zje (e )} PI(r)drdz

a=1 Ly d=1 _glar) o ,

D

1
J(N,my,dP)- j PI(dPy — dPE(dP))— P\(dPy + dPE(dP))}S? (y)e 2 V- gy,
d=1 9

\ ¥

S

Ms 2
o)

J(N,my,dP)-F(P1(Py),m,,N)

o]

a

=1 0

(17)

Replace the Euler function with following function
m<x,mm>—;{; Singmhj;:;‘}

in (17),thus could get the coefficient ¢,(z,).we have

F(Pl(Py)’ m(]l > N) = 7C(\ (TO )J(] (N)+ F(Pl(Py> m()l )’ m(]l > N)

(18)

Next we change : '

J:ff

in s, @ F(PI(Py,my, ),my,N) » Write

- s b
P, moy )= P1(x m )+ 3 ()
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o0

integration by parts and by Schwarz inequality, Z in (18) is

< — N«r
Nr3
Thus
F(Pl(Py,mUl),mm,N)
_1

= i ) T{;’l(dPy —dPE(dP),m,,)- P1(dPy+dPE(dP),m,, )}S2 (y)e 2Pl g, o o(ﬁ )

d=1 1

T

= (P o ), | F{(PAEvn oV ) 1,2 |+ OV

(19)
On the set ;(;,) ,we are listed in the following formula:
. S am omy Dy, astem| 24 Sin(2ndPE(dP)
e IO SR NS 0 L e oS
M [ )77 j e (O
m=1
If (-, )i < (b}, sum p,, then fixd 7 sum (;,—m, )a,by lemma 1. this gives
S, @F[(I_DI(Py,mm),mm,N}[z(To)j
(Do)g logz [(Do)4 ] 2
<<= 2 ] glogg | [|S(0 )y
N:M, q Izi[n) 1
N
<< —
Toly
(20)

If (i-my i = (o, ) first sum P, ,then fixed M, » d ,sum (n-m,,)d by lemma 1( logarithmic divide 77 into

segments << logr ), thus also gives

5@ F((i)l(Py, my, )My, Nj, L(z, )j

logz 27+ 2M,|D,
-<-<& Z Lj q +1{(N, +q¢logq) _[ )‘dy
N, [3logD, 2 q L{z)
"{ log2 }
<< —
ol
21)
It easy to see
Dy, _ _
503 j {Pl(dPy—dPE(dP), My, )~ P1(dPy +dPE(dP), mm)}SZ(y)e’“”"””"“”"P‘uy
=)
=5 @Z [ Pi(dPy-dPE(aP))- Pi(dPy +dPE(dP)))s* (v)e """ dy
d=1 1,(z o)
+5,0C,(z,) [S* 0k dy+ o[V
1)
(22)

We use same method to calculate the function gy((p,m, , v)),We have
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S, @ F2((Pmy,,, N))= S, @ C,(c, )\ o (N) - Jy (N, 1, (z,)) +

+S@[2 IR ][Mj{(%(zv,dmmP)uo(N,(Do—d+f>mmp»}

O e
\

5,0 FA(PI(Py ) N, ))w[i]

(23)
We noticed that the functions on the set are all functions with period of 1,thus
S, @F((PI(PY)amm’N)J!(To)):Sl ®F((P’m01>N)>1:(To))+Sw ®§‘,Dijo(NammdPall(To))
) Ir(To): Il(fo) l<g<Q ’y:§+2611(2—0)
a=00rl g=1
M @FZ((PI(Py),mOI,N),Il(ro)): S, ®F2((Pvmo|>N)>1:(To))
70 d Dy d / .
= @[z“z) b} ZJ[M]{U (V. 1) 20D, =+ 1)
And
5, @ FI(d,P),.mo . NUPN L (2)+ S, @ F2((Pomey. N)L1 (7)) = S, @ F(Pmy, N2 (7,)
(24)
It easy to know
S, @ZD (N, my,dP, 1 (TO))<<% etc.
(25)
By (15)~(25) the lemma 3 thus proved.
Theorem 1 proof. Let
y=£+zl 512(70)5
q
§®-—— > 11 S i JND)y<qsc,
NM T (V)2 ((D )Ba 2)"’“':“* " e 00 e 20v | o
1 2M, M,
5@ = A - e N | | > ] > o
NsMIH(Ns)?((Do)EnT?)”’“‘:M'* MRS (s [(omm]a 2w, o [(o‘,) St v ((o‘,) z]<z (v, [(o‘,) **]
()5 ) <a = () (05 )
m 1
If (v, ((DO),%y j <q<(N, )T((DO), ”’j let 4 =4 and
M, m13 r m13
P(’”) = P(m)(PO ”"’Pm—l ’Pmﬂ 9"~5PM0 ): zPu + P, m > (N )2 ((DO )J§027’+§) = Pm = 2(N"5 )F((DO )EU?JrEj
=1
For by lemma 2,let set 7,(;,) contract with the following sets
1
y= q(’") +z, el (ro) q('”) +z = 7dp(,,,TP(”’) +z,1<d,., =D,, ‘z‘ < 7dp(,,,)P(’")DO
" (A)
Assume the equation % pw) _ 9" _q . _ (d,q(m)) has solution (P xo), the condition of interval
r r

intersection (A) is given from the following equation
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adP™ — xq™ = 1r, r=(d.q™) 1<29

rD,
Thus gives
N ml 3 : m-1 3
o (0@ e r-pm (2@ P )
P =ip, 19—, <t< ,(P(M,q jzl,lsngo,lsls
! r q q r
. (m) (m) .
Jf gp = g, P (¢"),then d(ll P, +1, qT JE dl(lz P, +1, qr ] (¢m)-that is adl, P, = ad LB, (¢), for

. m ; WY ifr=n =1
adP, =r (¢) »ad,P, =, (¢™), thus gives 1, =, (¢m),if "= 4= then
(m)
P(MJPM _P("’)E]d :(tlE)d _tzp(m )L
d 1 di 1 r

d

For must exist y, <P, P, <3N, satisfy (A),because the number of different prime factor of

. () () : , (m)
p great than /5 is less than figgw ,for (Pw’qr J_[Rul,qr le,thus must exist o< <|/log | P Bty i)Y

04y =
r

makes (p p, )=, < /b, thus equation pip _pop _(,p _,p )2 0nly have
d 0d 0dy r

0d, aq a

r

.
<<\/DT) P
values pin) pin. If r#n,rl=nl, ,then (,1)> q" 1.0, >Jq™ .Thus by lemma 1 we have
d dy 12%2 DO s 1252
S, @ FI(d,P),.my, N, U(P)N1,(z,))
(o) e :
1 : ° VU mgly 2 N (D, N M N,D,N
<~ max - — - +1 e o S*(y dy+0[—j+0{ 9 J+O( 130 ]
" (N;)F((DO)EJTJM, q" o, A5 D, vo o
o, )%((DO )’L’Zii%%)
~<~< max . 1’4 ) +1 Z min| Ml,é _HSZ(y)}derO l
" )ﬁ((D )%%%j/\x/ a"” =iz a o 1:00) D,
5 o) n 7 g )
N
==
Ml
(26)
Next we calculate the value of the coefficient
_ 5 70 d Dy d / 1
5,®(Cyle) - (r,) =2 z[;( z -2 /;D]d(Do_d”)Do v i)
d (Dy>d+j))=1 = °
&1 - 1 1
> 2—2;[‘1—[)001—(@, —diog D, ~log((D, ~d +1))))j+d g (TDD((DD —d)~ (D, ~dYiog D, ~log d))J+O(logbZ ~)
2. (1 1 1 0" o1 1 ) 1
_272{,,:1 (;7 n+1j[n+l][5} +Elog275(log2) }Jro(log"2 Nj
=1.718+0[+)
log™ N
(27)

By (26),(27) and lemma 3,theorem 1 thus proved.

Note,the theorem 1 also holds forif let N = N +3— p,,2 < p, < N +3 be prime number.The
theorem of three prime numbers tells us that z < NV .

In order to prove theorem 2,lemma 4 and lemma 5 is proved first.
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Lemma 4.Let

_dbllogN) _6
=e ,a,=—
0 5

(log N )% }

0<i<M, M, =|(loga,)’ 10g[(loglogN)

N be a sufficiently large integer, ¢, be a arbitrary positive number,then

> 'uz(q)C (—N)(-<-<11

= D’ q 1,
Q0<q4<Qy, (q) (Q(] )7

Where ¢, , ¢, 1s a sufficiently small positive number.
Proof. We have

N #(q)
Q<;QH Ul ( ) &M= ww %%j%” ®*(q)
—<(log10gQ)ZZ/j (@) L

dIN D(d) 0,/d<v<Q,, Id v?

<= (Q loglogQ Z’u d)d

dIN
d<Qy,

Let v,(N) be the numbers of different prime factors of N,V1 (0.)- min(maxv (g)vi( N)) ,then
i+1 4<0; 1 e

2
#(d)d << (loglog N)(l +C M 4 vallg[g,),,]>')<< (logN)C2) s

2 o)

<0,

V1<N)SV(N){(‘”LN} nd (0, )=v(0,,)-| o —clloe N

loglog ) log(a0 c (logN)uj
Hence
"% (log N L { ao”'“(lﬂg‘V):{\}I
Iu 1og[un’” (log N)E] 4log N Iog[a“"] (log N )EJ ao’”“’ (10g N)% ;
(d) << (log N) H [mj H —~|1—— -
i o \logoe B e oM )| gy
log(a(,'”(logN)%)
w[%{]oglogf\/)ﬂog%] Slogz[aolﬂ (logN)%)
log ao'“(lcgN)u % é *W(log ’V) 6
e 7 +6
<= log Ne <<e = (Qi)7
B ”HE(]og 7\7)12
log[uﬂ (]ogN)lz]
e
Thus
z ﬂz(‘I) # 1
2 1
00=q<Qy, (q) 0<i<M, (Q )7 (Qo)7 “

This proves the lemma 4.

Lemma 5. Given the parameters in lemma 3, Let
Sl @ FG((Pl(p})’ mUl ’ N)’ II (rO )) = SZ @ TUTI J‘ {Pl(P} + PEI (ZP))_ Pl(Py + PEI (P))}SZ (y)e’%!\‘(»”’"m:”dz

i(x)

1 1
:Sz@FG((PﬂmmvN)aIl(To))*XSz@Jo(NﬂmmPJl(To)) ’ EI(P):

3
2r,7,P

Then
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Is(ey)

1

logQ; (27, )i

Sz@FG((Pl(py)’mm*N)JG(PJO)):Sz ®2J0(N”"O|P’I|(To))+szeforl js.(Y)e i ‘”md,V*QDu(NJDFO[ (,‘,mgx‘} 0{ J
e
Where

wn )

oD, (.5)<<1os| 3 f(k)%( I [f(z)jze(f N

qlzon )

L(z)=%+zel(z,), -E(P)<z<-E,(2P)
q

Proof.Let L(p)=

~ | =

+2,x=0,.,P-1, -E(P)<z<-E,(2P)We analyse the value on the 1,(P)N1(z,)s
If ¢.% let g,

)=1(e)nr, D Which [iel () g<zg,. |d< I  For|a x =M2L+EI(P) Jhence
q P 2qP qg P qP 2qP
1,(r,)= o (null set),let ; =1 ()1, and 7, (z,)e 1, in which g<ta. L<\ E , For here
. Q(T()Tl)f
ye IeA(ro)mls(To)a y 2%‘*‘2 ) where
1
-1

1 1 1 r

P>~/ + >—?
q {q(rorl)f 21'01'1P] Ql

Sum m,, by Abel transform then sum P by Lemma 1,(3)~(12) gives
A\ ('BFG((Pl(py)>m01>N)JGA(TO))
7,7, . 1 B
R, i M"<h.*> i {f O
Zxpl fiale
P
<< (log N )" ISz(y)(dy
isa(z0)
<<log”" N ZtNy +7LJI\£ -
logN (e
e
N N
St e
Po oelen)
(28)
2).1IF 2 _* ,use () to represent this set.
q P

3). q%p ,- define set 1,(z,)e1,(z,), 27, <q< O, » L,(P.7,) = I,(r, )" I(z,)-We analysis the value

qP

onit. Let r=(q,p,P),then « x _aP-xg _n,r ,this gives the number of intersection interval,namely for
g P qP
fixed g and P, the numbers of the pairs(q,x) of equation

aP —xq = nyr, (’701,6]):1’

ny, < 1@:P)
r
and the condition of interval intersection is given
qP q (29)

1I(g,P)< 2 +——
( ) [4(7071)7 27'071j

For (g ’ szl ,the equation ? y—4 x =1 has solution (y,, x,).Hence the equation Pa—gx=r ,(a x) just

r r r
has solution [yoﬂg’xoﬂﬁj’ t=0,1,..,r—1,but here
r r
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( q ,r] —1»there exists ; 0<i<gp(r) makes (yo vl rj: ,»thus the complete intersecting set could defined
r r

as following

asl)iLiz,m M_ Y nmaf')_ A TL nma’(ﬂr”i AL TL
q  qP(k.l) q  qP(kI) q  qP(kl) q  qP(kI)
0
..... R(k.la)" | Rk}, R(k,Da*  R(kD)
q qP(k.1) q qP(kJ)

Where
1<n, sR(k,l)sw,(nm,q):1,P(k,z):kq+r1,1<1,[1,1):1,—E(P)sZs—E(zp),
r r r

Plk,l)al —gx=r= a1 =1 (¢)» {”01051)}51560(’),[560(1) just go through the reduced residual of module g .

(30)
The series expansion will be the following form,note 4,(i)*(r/)=r (¢),
(1) (1)
”f’”ox(' +rl) Tty i (moyrl ) Moy
e2 . ][ ¢ ] :e2 I[ ¢ ]ez"i"’”‘k{’z(l+Zﬂimmrlz+...)
_ eZm[”im;’m" ]ez,mnmqu . O MlQl
T,0,T
(31)

Finally by(29)~(31) ,we have the value on 7,(p,z,)
S, (‘BFG((P,mm,N),Ig(P,TO))

N s T w
Myl s v qlzon ) (1) 2l T |y
T m[ +2mm,,,(N3+kq)7] n.a
0“1 q 2| oy q
< Do Z » (DI IS dz
’ )

NiM, m<q<Q‘ \q k 0 ey < \4<um<2m 4 Ié(p(r)kw(i q
qleor )7 U
M q q 071 (V35 a
R YD W) S sz(fﬂ "
N, 1012g<0, k=0 1<n<I(q.P(k.1)) ezl T q
2

(3)~(12) and lemma 4 gyves the value

S, @ FG((P,my, N1 (P,5,)= 5, ©,, Jﬂykmw'"m”dy+anl.4(N,ro>+o{ l ]w[”iii;\” }

(TOTI ):’ -

By (28),(32),the proof of lemma 5 is thus completed.

Letg, be a exception module(chapter 10 lemma7 of reference 4 )
Theorem 2.(Real Zero Distribution of Exception Module )

Let 4, be a sufficiently large positive number, log” N < g, <Q,, ;N( be a real primary feature module

q,, B,be areal zero of L(s,y), ymodq y & ;} q, | q . when /V is fully large then

B, <max| 1- log4, J p—
25log N 21logQ,

Where ¢, be a constant in (11).
proof. Corresponding to lemma 3 and lemma 5, Redefine the following parameters

¢y logN

7, = min[(q0 )i ,eﬁl"gg‘ J ,To =4, (rl )8 ,N, = {(NJ

0)
se- ¥ ¥ 1 ’t{ logN}

!
Mo, =mg+...+my,  N3<P<2N; N3 (Ml ) log log N

M\ +1<mg <2M,
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Define an N” related ¢, instead of N ,as we know 4 =275 p , a=023 ,we define

« 1 N
N =2™p..p. , Ay :|:10g210g(p > H+1
oD

hence N" =2°N,0<9<1 and ¢, | N’
Let E, be a set, if , ¢ E, ,then

<

a
y=;+z,0$a<q,(a,q)=l,q0Sq<Q] .9, 1q 5|2

=
o
.—T‘ =
S
3

Consider following equation

si@> F((PIPy. M, )M, N)E,)

Mo (v
:s,*@zz: F(P(Py) My N )E, )+S,@C (z,) 3 Z’: ’ | S2[£+zje (g dz
w=1

e e
Where
§ 0 F(P1(PY)L M N')E, =" @yt [{PA(Py + PE (2P)- PI(Py + PE (P52 ()0 " Ltz
s , X eflm."/lm}’fl(ll’] _ ezzmMﬂ,PE,(r)
5 0C(z,)=5 @TOQTMO,
(33)
First let
Pils My )= P3(c M )+ 3 ()
SI @F‘((PI(P“vaO()'MOx7NA)'Eqa)
or ET 72'“(”7‘”0’)’3[%} Sin(nPE, (2P))e " 20) S aalen, “’\(5*4‘;&;1(”135 (2P))erter) ( f)
U SNl W) IVAETIe L olyN
N;(M|)[ \I,(m%g:MMl g}: P:Zj 2nm %P:;Z,He nz }
1"01:24'”&” n# My,
We calculate first one,sum P this gives unprotected assume |(,-r,), n=n, +ig-if <9 then
T]
q<M,logN ,by lemma I,
sioF ((pilpy,m, o, N)E, )
q (M AN
<< ———| —L+1 ||V, +¢l —
N3M1T1[ p ]( iraeed )logN
<< Ny ¥
[ a logV
(qo )E gm";"
(34)
If >4 p=p, +kg-thenif 4 p thus
7
s @F ((PP'y. 0, ), V') E, )
7,7, 1 N
< — S —
q Z‘ Jkg + M| log N
n:\wuu,\%
11
<<(TI)—N<< Nl
1 (‘10)E
(35)

if q/ p. g<Msum i, ,then sum P by lemma 1,we have
(I log N
s, oF (PP yan, o, ¥ )E, )

-110-



2025 Volume 3, Issue 2

7,7, logz( N, [5 j’ N
<< - =+l =g | ——
N g 47 logh

<<N

(36)
Otherwise a1, My, kgD ,(3)~(12) gives
log N 7
s @ F (PP y,m, v, N E, )
‘ (
, 1 de) | g Ma j 2ia| Loz N -Hgp
s'® 512 k
<877, ZA: PP . j. Z [q” 5 2
Lﬁan(AJSrE Iomqu\q deae v
log N ({(1( 7 )r
o3 e OGN () o e o) Mo
- Iu;N<k§T @ (k) — 1r - eTmlo:Q,
1
If T, = (% )E ,for 24l¥) < uilankt (g )" ,then
s o F ((Pi(Py. M, )M, N )E, )
NN
Vo S
(37)
¢y logN .
If 7 =¢"* 2 ,we use the same proof method as lemma 4,could obtained
S: ®Fv(((P1(Py*MOz))>M01’N”)>Erm)
1
2y ot o AT v
« (logh;+zN)e 10 log; le(k)%k(’]v) I (T(Z)J e(— N”z)dz +%
T ¢(k) 0 ﬁloEb
ol oo P gl0keg,
N
om0 10 T,
(38)
On the other hand,by lemma 5,first we have
1
a(zg7) “2in| Lrz |V -y, P)
VIR S S D VD T VN G L)
N,(M)) 52, F 5% o q
st e (oa BT G
N
<< —
9
(39)
Secondly,
s @F*((P,MO,,N“}};(TU)H E%j
-E(P) “2in| Loz |V My P2)
=ror]% z z Z z l i .[ Sz(g-%—z]ez [” ]‘V b sz
N3(M1) Ny<PZ2N, > Y q<q=0, 4 o=l _E(2p) q
oSy oS qogaP (e b
N
<< (Tl )9 Z'UZ'IN3 +W
e logQ,
N N
=t Cio log N
[Q' 101020, ]
(40)

Because according to the conditions of the hypothesis set,
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LinL(P)=0, q<r,7”
q
Thus by lemma 5,(39),(40),same as (37),(38),we have

st @ 7 ((P1(Py).M,, . N")E,)

1

=<=<log M|

+o( J+o Nlog' ¥
o KlﬂlngQ,

Zz (k)L I. (T(z) _Nz)z

Do <O
a0 a0 a(

2
=< O] N + O Nzloifv
(a,)F =

@41
Finally by (33)~(41), (3)~(12) could obtain
5 ”“q)cq(-N*)"""f‘)’[ e g

2
402420, @ (Q) ! Ny<nN' logn
dold ale)

alrq)r

¢<q0> re:) ¢2(k ! logn
q(zqr))r
N N’
:O[ T }+O[ P ]

(qo )12 101020

(Na )Eﬂrl N N N N’

- <u’(q,) =+0 +0 — o

log®> N ’ ¢(%)10g2 N (qo)é e'ﬂ'i‘gggvl

B, <max| 1-—28%_ j___Cu
0 25logN’~ 21logQ,

That is

Namely

Theorem 2 thus proved.

Theorem 3. ( Asymptotic Formula of Solution Number)
Let n(v) be the number of solutions of p, + p, = ¥, where p;,p,

be prime numbers, /' be a even integer,when V is fully large

D(N)=@O(N) ]\2[ G 1°g13°gN
log® N log” N
where
1 1
o pl;[\[l - 1%)11 [1 T 1>}
proof. By the Schwarz inequality, » — ,thus
> log N
N
D(N)=J,(N)+0| ———
(V)= Jy(N)+ [log,,ﬁ] Nj

Theorem 1 thus gives

a 1
L 4 ala)
p-% 3T ekt vaar offor™ M0, ) of 20
90y, a=l a 1 og
(@)=l e
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21log N
By lemma 4, 2vW) < gloslog ¥ (3y ~(12) easy to show

N Nloglog N
D,,(N)=O(N)—~—+0| ~ 528
log" N

log’ N
In (4)~(12) still need to care D,(N),D N) , when ¢ <log" N,with the Sicgcl's theorem

B <1- cl¢) take & makes o4, < L if log" N <¢,< 0, using theorem 2 . thus prove theorem 3.
log™ N 10
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